


Key references to the linear theory



3
.Minimalandlargeposi-tivesoeutions.lt
assume - A +V satisfies A-property and
52 = IRNIB , = BE - exterior domain

,
RH

lemma 1. 3- unique
"

finite energy
" solution U , to

- All +Vu= 0in BE , u = 1 on 1×1 =p .
4)

& Take a smooth 4 : 4=1 on 1×1 =R , 4=0 on HS2R
Set - D4-1VY = Fed'v(BE))* .
Solve - but Vv= -F in ② (Boi) .
Then U = v -14 solves 4) .

B



he is theminimaepositivesoeutiouatiufinityfor-b.tl
in BF :

t positive supersolution W in BF -3 a>o:
W7 all , in BE .

& [ Agmon , Th .
9. a] B

- bwxvw>0in BE



Lemma2
.
3- unique luptoaseaear) positive soe.U.to

-All the = 0 in BE , u=0 on lxI=R

⑨ [Agmou , Th .
3. if D Uo¢DKBE) !

Evlao)⇒
Example : - A in BE

,
N73

Ui = 1×12
-N

,
Uo= I - 1×12"

I - a1¥.

&



Def
.

We
say

V is a small subsolution at

in--At V if 7 a supersolution
u* so such that fg¥ = 0 .

We say V is a large subsolution at infinity
for - At V if V is not a smallsubsoe.gi.e.tt

supersolution U >0 ,%f%ePL¥s0.



Lemma 3. If V is a small subsolution at as,
then for any positive supersolution U70
3- a > 0 : Use V in BE

& We may assume qq.pe#=I.5etc:-yIyffpU.so
Consider Vq : = ev - EU* . Then

1) Ve all on 1×1=12
2) ve=0 on Hope ⇒ R £h↳%
⇒ apply comparison on An ,pe 8D

⇒ u=v•
→
⇒ us



Lemma U . Assume that
-but VVE 0 in BE , V=0 on lxI=R

.

Then V is a large subsolution .

Assume V is not large
7 U* > 0 , - bU*tVU* 70 in Bpf ,
¥¥b¥=o .

As before
,
consider VE = V - EU* .

Then Veto on KKR and H=pe⇒R ,
and vet ¥0



Fix E
,
and take veThU*

Vu=nVe , the N ↳¥Ee
By Comparison , Vn ⇐ U* the N

But A compact k a supplied,
snap Vnlx) = too ttxek

⇒ U* = + as on K , a contradiction B



P - Lindelof type principle :
Let us 0 be a super soe to - ATV in BF .
Then : i)jmaee subsoe . Vat as
7 Be > 0 : Use V in 1×1 > R > I

2) yarge subsolution Wat •

9¥.in?w-a+ofProtter-Weinberger]
D= Lemma 3
2) = Def of large

subso@ a



Examples:

1) - D ou IR9B , s N > 3

4=1×1
- "⇒

is a small (sub)solution
u*= 1×1

- Et ein ¥, = •
B

- All * 70
1×1→•

6. = I - 1×1
- to - 2)

is a large (sub)soe .

& Lemma 4
.

B



a) - D on IR7 Bi

a) U , = I is a small#b)see .

• I %
'

> *:O

b) Uo = log 1×1 is a large sufosoe in BF
- Allo = 0

- All so in BF ⇒
• egg.info 941 , %m§ 4¥, a +a



Remark
.
② LR7B) contains functions

that do not decay to 0 at oo !

{"I ¥ tee@i.as.gf
Use @to IBF)
live in't u , > 0 Us € LP (Bi)
1×1-0 as

V-kpa.co



Example : - D + V in IR9B
,
N73

, VeL%RI

1×9%54×417=0 and - AN satisfies A-property

Then - DUNK > 0 in BF
,
u> 0 ⇒

limiu.SU#.- so , dim influx) at a
Ixtsos 1×1-00
- the same as for - D !



Take V. 4) = 1×1
- "⇒

→ aIxf"⇒ -8
,
a,8osmaee

- smaee sub -solution

V. 4) = I - aH
- "⇒+8

,
- In-24-8 co

- large subsolution (adjust at H=R)
•

-DV1-1VG)v , I 0 , for some small a >0
4 (x) I 1×1-0-2) ( I told) as 1×1→•
V. (x) t I + of)

=DVo t V(x)Vo I 0 in 1×1 > R , to =0aHkR



3) -D- It in IRNIBI
,

N>3Exer¥e
- • see eµ=(N¥)Z

⇒ 1×12- - small solution ,
1×12+-1×1d- - large solution,

2- < It - roots of -214N -2) =e


